Let S be a regular semigroup. A congruence ρ on S is called idempotent separating if the associated projection homomorphism ρ # : S → S| ρ , is idempotent separating. Hall shows that if u is an idempotent of a regular semigroup S then every idempotent-separating congruence on uSu extends to a unique idempotent separating congruence on SuS. An idempotent u of a regular semigroup S is called regular if fuR fL uf for each f ∈ E(S). In this paper, we proved that if u is a regular idempotent of S then S = SuS. Also we find the relationship between the idempotent separating congruence on S and uSu, when u is a regular idempotent of S.
quasi-ideal inverse transversal if and only if S can be imbedded as an ideal in a locally inverse semigroup T which contains an idempotent u for which uf L f R fu for each 2 f f = in S. Amongst the semigroups which contain such an idempotent one those (locally inverse) semigroup which can be naturally ordered in such a way as to have a maximum idempotent u. Then u can be characterized as an idempotent satisfying eue e = for each 〉 〈 ∈ ) (T E e , the idempotent generated part of T (see [1] ). Such an idempotent was called medial normal by Blyth and McFadden [1] , who obtained a structure theorem for all regular semigroups containing a maximum idempotent in some-imposed natural order. An idempotent u of S is called medial if xux x = for each, 〉 〈 ∈ ) (S E x the idempotent generated subsemigroup of S. In [7] , Loganathan described the structure of regular semigroups that contain a medial idempotent. In [6] , we introduced a new class of regular semigroups that contains an idempotent u for
, called a regular idempotent of S and we studied the properties of regular semigroups with regular idempotent.
We adopt the terminology, notation and results of [5] and [6] .
The following lemma contains some elementary properties of regular semigroups with a regular idempotent which we shall find useful in this paper.
Lemma 1.2. Let u be a regular idempotent of a regular semigroup S. Then
Let us see some examples of regular semigroups with a regular idempotent. Example 1.3. Let S be a regular semigroup containing a medial idempotent u.
, the idempotent generated part of S.
. Therefore u is a regular idempotent of S. Example 1.4. Let S be a regular semigroup with midunit u [5] . Then xy
. Therefore u is a regular idempotent of S. . If u is a weak middle unit then u is necessarily idempotent, for
. Therefore, u is a regular idempotent.
is the smallest non-orthodox regular semigroup [3] . Then it is easy to see that ( )
Corollary 1.7. Let S be a regular semigroup. Then the following statements are equivalent. (i) u is a regular idempotent of S.
(ii)
Corollary 1.8. Let S be a regular semigroup with a regular idempotent u. Then S = S u S.
Then by Corollary 1.7,
Theorem 1.9. Let S be a locally inverse semigroup. Then the idempotent u of S is regular if and only if uSu is an inverse transversal of S.

Idempotent Separating Congruences on S and uSu
Let U be a regular semigroup. The coextension of U is a pair (S,φ) where S is a regular semigroup and φ is homomorphism of S on to U. A homomorphism φ: S →U of regular semigroups is called idempotent -separating if φ is one-to-one on the idempotents of S. If (S, φ) is a coextension of U with φ idempotentseparating, then (S, φ) is called an idempotent -separating extension or Hcoextension of U [13] . A congruence ρ on a regular semigroup S is called idempotent separating if the associated projection homomorphism ρ # : S→ S/ρ is idempotent separating. In [6] Hall shows that if u is an idempotent of a regular semigroup S then every idempotent separating congruence on uSu extends to a unique idempotent separating congruence on SuS. Note that if u is a regular idempotent of S then S = SuS. In this paper we find the relationship between the idempotent separating congruences on S and uSu, when u is a regular idempotent of S.
If u is a regular idempotent of S then by Corollary 1.8, S = SuS. In this section we find the relationship between the idempotent separating congruences on S and uSu, when u is a regular idempotent of S. 
is an idempotent separating of congruence on U such that (i) for each x∈U, xρ(S) = x ρ(U). In particular U/ρ(U) is a regular subsemigroup of S/ρ(S). (ii) for all pairs x,y ∈ S, (x,y) ∈ ρ(S) ⇒ (uxu, uyu) ∈ ρ(U).
(iii) U/ρ(U) ⊆ S/ρ(S) and the maps θ : S → U and
Conversely, if u is a regular idempotent of S then every idempotent separating congruence ρ(uSu) on uSu = U can be extended to a unique idempotent separating congruence ρ(S) on S such that (i) to (iii) hold.
Proof: Clearly ρ(U) is an idempotent separating congruence on U. So we prove (i) to (iii). Suppose x∈U. We know that x ρ(U) ⊆ x ρ(S). To prove the reverse inclusion let y ∈ x ρ(S). Choose z ∈ V(uyu) ∩U ⊆ V(y). Since uxu=x, we get yHx = uxu H uyu. Thus y and uyu are H -related inverses of z which implies, y = uyu ∈ S. Hence y∈x ρ(U), and x ρ(S) = x ρ(U).
⇒ (uxu, uyu) ∈ H, ⇒ there exist x* ∈ V(uxu)∩U, y* ∈ V U (uyu) such that (uxu)x* = (uyu) y* and x* (uxu) = y* (uyu) Therefore, (x,y) ∈ ρ(S)⇒ (uxu, uyu) = (((uxu)x*)x(x*(uxu)), ((uyu)y*)y(y*(uyu))) = (((uxu)x*)x(x*(uxu)), ((uxu)x*)y(x*(uxu))) ∈ ρ(S) ∩ (UxU) = ρ(U).
Then, by (i), S U ⊆ . Clearly the maps θ and θ are well defined which makes the diagram commutative.
To prove the converse part note that for any x ∈ S, x*∈ V(uxu)∩U, x = xx* uxu x*x ∈ SuS implies that S = SuS. So by [6] , ρ(SuS) can be uniquely extended to an idempotent separating congruence, ρ(S) on S. The rest of the proof follows from the direct part. 
If S is a quasi -ideal of T then S is a quasi-ideal of T . (ii)
If S is a regular semigroup of T then S is a regular semigroup of T . (iii) If S is an inverse transversal of T then S is an inverse transversal of T such that the following diagram is commutative
Then (T∧S′, μ′) is a H -Coextension of T and (T∧S′, θ`) is a coextension of S′ by rectangular bands such that the following diagram is commutative.
Moreover if S is an inverse transversal of T and θ = θ 0 is a homomorphism then T is orthodox and, in this case every H -coextension (T ,μ′) of T with an T an orthodox semigroup can be obtained in this way.
Proof. Clearly the diagram is commutative. Note that T ∧S′ is a regular subsemigroup of Tx S′ under componentwise multiplication. Since θ and μ are onto so are θ′ and μ′. If (e,h), (f,k) are idempotent of T∧S΄ then (e,h)μ′ = (f,k)μ′ ⇒ e=f, and hμ = eθ = fθ = kμ ⇒ hHk⇒h=k by [13] . Hence (e,h)=(f,k). Thus μ′ is idempotent separating. Hence (T∧S′, μ′) is a H-coextension of T. If we replace T by S, S by uSu and θ by u θ , the theorem holds.
